Hyperbolicity and identification of Berge knots of types VII and VIII 
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Abstract 

T. Saito and M. Teragaito asked whether Berge knots of type VII are hyperbolic, and 
showed that some infinite sequences of the knots are hyperbohc. We show that Berge 
knots of types VII and VIII are hyperbohc except the known sequence of torus knots. 
We used the Reidemeister torsions. As a result, the Alexander polynomials of them have 
already shown their hyperbolicities. We also show that the standard parameters identify 
Berge knots of types VII and VIII, and study what kind of information identify them. 

1 Introduction 
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Figure 1: Am,n-, and Berge knots of type VII (6'*'(m,n)) and VIII (6 {m,n)) 



For two positive coprime integers m and n, let Am^n = Ki U K2 be a 2-component link in 
the upper side of Figure 1, where Ki is an (?7i, n)-torus knot T{m,n) and K2 is the unknot. 
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By operating 1-surgery (i.e. (— l)-full twist) along K2 and taking the mirror image, we obtain 
a knot b'^{m,n) in the lefthand side of Figure 1. By operating (— l)-surgery (i.e. (+l)-full 
twist) along K2, we obtain a knot b~{m,n) in the righthand side of Figure 1. Then the 
set of Berge knots of types VII [Ber] (the set of Berge knots of types VIII, respectively) 
is the set of {b~^{m,n)} and their mirror images (the set of {b~{m,n)} and their mirror 
images, respectively). Berge knots of types VII and VIII are characterized that they can be 
situated on the fiber surfaces of the trefoil and the figure eight knot respectively. We say that 
the standard parameters of 6"'"(m, n) and b~{m,n) are {+,m,n) and {—,m,n), respectively. 
The notations in [Yamlj (see also |KYl ISTl IYam2t I Yam3j ) are k'^{m,n) = b~^{m,n) and 
k^{m,m + n) = b^{m,n), respectively. Since Am^n = An^m as ordered oriented links, we have 
b~^{m,n) = b~^{n,m) and b~{m,n) = b~{n,m) as oriented knots, and we may assume 1 < 
m <n and gcd(r?T,,n) = 1. As trivial cases, 6"''(l,n) and 6~(l,n) are an (re + l,re)-torus knot 
and an (re + l,n + 2)-torus knot respectively, and we have 6"'"(l,re) = 6~(l,re — 1) = r(re, n + 1). 
Moreover since ^m,n is invertible, both b~^(m,n) and b^{m,n) are also invertible. Hence we 
study hyperbolicity and identification problem of b^{m,n) and b'~{m,n) for 2 < m < n. 

T. Saito and M. Teragaito |ST] asked hyperbolicity of b'^(m,n), and showed that some 
infinite sequences of the knots are hyperbolic by using the necessary and sufficient condition 
for hyperbolicity of a Berge knot due to Saito |Saij . and by elementary number theoretical 
results on Fibonacci series. In the present paper, we show that both b~^{m, n) and b^{m, re) are 
hyperbolic for 2 < rre < re (Theorem 14. 6p . We used the Reidemeister torsions. From the proof 
of Theorem 14.61 and the author's previous works [Kadl[lKad2j . the Alexander polynomials of 
them have already shown their hyperbolicities (Theorem 14. 7p . 

In [STl Theorem 1.1], it is shown that there are infinite pairs of two distinct knots in S^ 
whose same integer surgeries yield homeomorphic lens spaces (Theorem 15. ip . We point out 
that the resulting lens space up to orientations by an odd integer surgery along a hyperbolic 
Berge knot of type VII or VIII identifies the standard parameter and the knot itself up to 
mirror images (Lemma 15.21 Corollary 15. 3p . We show that a pair of the odd surgery coefficient 
and the degree of the Alexander polynomial, which is equivalent to the Seifert genus in this 
case, identifies a Berge knot of type VII or VIII up to mirror images (Theorem 15.41 Corollary 
15. 5p . Y. Yamada |Yam3j defined 6^(rre, n) and b~{m,n) for every coprime pair {m,n), and 
discussed equivalence among them up to orientations and mirror images. For every element 
of the extended class, there is one representative with 1 < m < n (see Lemma 15.81 (3)). Since 
a double torus knot is strongly invertible, a non-trivial torus knot is non-amphicheiral, and 
a non-torus knot yielding a lens space is non-amphicheiral by the Cyclic Surgery Theorem 
|CGLS| . the extended class can be also classified completely (see also Remark l5.6l (21). 

We ask whether one of the odd surgery coefficient p and the half of the degree of the 
Alexander polynomial g of a Berge knot of type VII or VIII determines uniquely the standard 
parameter or not. For the case of p, we give the complete answer which has been already 
described in [Ber] by a theory of quadratic fields (Lemma 15. 9p . We make a complete table of 
p, (lb, rre, n) and g for p < 500. By the table, we can give examples for the case of g. 

K. Baker [B_a] showed that families of Berge knots of types VII and VIII include hyper- 
bolic knots with arbitrarily large volume. Recently J. Greene [GrJ showed that every doubly 
primitive knot is a Berge knot. 

In Section [2l we give a definition of the Reidemeister torsion, and prepare the surgery 



formulae for the Reidemeister torsions and the Franz lemma. In Section [31 we compute the 
Alexander polynomials of b'^{m,n) and 6~(?7i,n) from that of Am,ni determine their degrees, 
and compute the Reidemeister torsions of lens spaces obtained from b'^{m, n) and b~{m, n). In 
Sectional we show that both b^{m,n) and b~{m,n) are hyperbolic for 2 < m < n (Theorem 
I4.6p . In Section [5l we give the complete answer for identification problem of b~^{m,n) and 
b^{m,n) (Theorem I5.4p . and make a table of the standard parameters. In Section [6l we give 
a remark about a relation between our method and K. Ichihara, T. Saito and M. Teragaito 
[1ST]. 

Throughout the paper, for coprime integers p and q, a lens space of type (p, q) is the result 
of —p/q-suvgevy along the unknot, and it is denoted by L{p, q). 

2 Surgery formulae for the Reidemeister torsions, and Franz 
lemma 

For a precise definition of the Reidemeister torsion, the reader refer to V. Turaev [Turj . In 
this section, we give surgery formulae of the Reidemeister torsions, and the Franz lemma. 
Throughout the paper, Q denotes a primitive d-th root of unity, and (Z/dZ) ^ is the multi- 
plicative group of a ring Z/dZ. 

Let X be a finite CW complex and tt : X ^ X its maximal abelian covering. Then X has 
a CW structure induced by that of X and vr, and the cell chain complex C* of X has a Z[i7]- 
module structure, where H = Hi[X]'L) is the first homology of X. For an integral domain 
R and a ring homomorphism ijj : Z[i?] — )• R, Ct = C* ^z[H] Q{R) is the chain complex 
of X related with ip^ where Q{R) is the quotient field of R. Note that there is a natural 
inclusion R ^^ Q{R). Then the Reidemeister torsion of X related with ip, denoted by t'^{X), 
is obtained from C^, and is an element of Q{R) up to multiplication of ^'il){h) {h G H). If 
R = Z[H] and ip is the identity map, then we denote t'^{X) by t{X). We note that t'^{X) 
is not zero if and only if Ct is acyclic. If A and B are elements of Q{R), and there exists an 
element h £ H such that A = ^%l){h)B, then we denote the equality hy A = B. 

Let i? be a finitely generated abelian group with a direct sum H = B (B T, where B 
is a free abelian group of rank r and T is a finite abelian group. Then, by the Chinese 
Remainder Theorem or the Pontrjagin duality, Q[-ff] is a direct sum, as commutative rings, 
of Q{Cdi) (8) -F — F{C,di), where F = Q{B) is a rational function field with r variables over Q. 
In particular, ii H = {t \ t^ = 1) = Z/pZ, then we have the canonical isomorphism: 

Q[i,t-V(t^-1)= Q[t,t-']/{^,{t)), (2.1) 

d\p,d>l 

where ^d(t) is the d-th cyclotomic polynomial, and t (modt^ — 1) in the lefthand side corre- 
sponds to (t {uiod^d{'t)))d\p.d>i ill the righthand side. (12. ip deduces an isomorphism: 

Q[H]^ Q(0). (2.2) 

d\p,d>l 

However isomorphisms 

t,t-']/itP-l)^q[H] and Q[t,t-^]/{^dit)) = QiCd) (2.3) 



are not uniquely determined. In the former case, t* can be a generator of H for any i £ 
(Z/pZ)^. In the latter case, t can correspond to Q for any i G (Z/dZ)^. In discussing the 
Reidemeister torsions, only the field components in the direct sum of Q[H] are essential. 

Let ipd '■ '^[t,t~^]/{t^ ~ 1) ~^ QiCd) be a ring homomorphism defined by ipdii) = Cd- The 
map V'd can be regarded as a projection to a field component in (j2.2p . Since a primitive d-th 
root of unity is not unique for d> 3, the map V'd has some possibilities. Its ambiguity is the 
Galois group of Q(Cd) over Q, which is isomorphic to (Z/dZ)^. 

Let ii^ be a compact 3-manifold whose boundary dE consists of tori, M = E U V a 3- 
manifold obtained by attaching a solid torus V to i? by an attaching map / : dV — )• dE, 
and L : E ^^ M the natural inclusion. Let /' be the core of V, and [/'] its homology class in 
Hi{M). 

Lemma 2.1 (Surgery formula I) Let F be a field and ip : 'L[Hi{M)] -^ F a ring homomor- 
phism. If ipdl']) 7^ 1, then 

T^iM) = T^'{E).mi'])-i)-\ 

where ip' = ip o c^, (l^, is a ring homomorphism induced by l). 

For an oriented ;U-component link L = Ki U . . . U K^ in S^, let El be the complement of 
L, and Ai[ti, . . . , t^) the Alexander polynomial of L where tj is represented by a meridian of 
Ki. The Reidemeister torsion is closely related with the Alexander polynomial. 

Lemma 2.2 (Milnor [Mil] ) We have 

ZiL(ti)(ti - l)"i (^ = 1), 



^^^^) \ Z\i(ti,...,t^) (^>2). 

For an oriented //-component link L = Ki U . . . U K^^ in S"^, let nii and li be a merid- 
ian and a longitude of the i-th component Ki, [rrij] and [li\ their homology classes, and 
{L;pi/qi, . . . ,Ptj,/q^) the result of {pi/qi, . . . ,p^/q^) -surgery along L where pi and qi are co- 
prime integers or pi/qi = 0. We take integers rj and Si satisfying PiSi — Qiri = — 1. For coprime 
integers p and q, the inverse of q in (Z/pZ)^ is denoted by q (modp), and also q (modd) for 
any divisor d (> 2) of p. 

Lemma 2.3 (Surgery formula II; Sakai |Sakj . Turaev |Tur| ) 

(1) For M = (K;p/q) {\p\ > 2) and a diviser d > 2 of p, we have 

T^''iM) = AK{Q)iCd-i)-\c-ir' 

where qq = 1 (mod p) . 

(2) For M = {L;pi/qi, . . . ,p^/q^) (/i > 2), let F be a field and ip : Z[Hi{M)] ^ F a ring 
homomorphism. 7/^([mi]'"'[/j]'^*) 7^ 1 (i = 1, . . . ,fi), then we have 

tHm) = /\L(^([mi]), . . . , ^(K])) fiinm^nhD - 1)-\ 

4=1 



Example 2.4 By Lemma 12.31 (1), for a divisor d > 2 of p, we have 

where qq ^ 1 (modp). 

Remark 2.5 By the ambiguity in ()2.3p . the Reidemeister torsion for the result of Dehn 
surgery along a knot can include information of a meridian of the knot. 



W. Franz [Fzj showed the following, and classified lens spaces by using it. 
Lemma 2.6 (Franz [Fz]) For Oj and hi G (Z/pZ)^ (« = !,... ,n), suppose 

n n 

n(c-i)=n(^''-i)- 
1=1 j=i 

Then there exists a permutation a of {1, . . . , n} such that Oj = ±6o-(j) /or all i = 1, . . . ,n. In 
other words, {±aj (modp)} = {±6j (modp)} as multiple sets. 

3 The Alexander polynomials of b^{m,n) and b^{m,n) 

We compute the Alexander polynomials of b~^{m, n) and 6~ (m, n) from that of A„i,m determine 
their degrees, and compute the Reidemeister torsions of lens spaces obtained from b'^{m,n) 
and b~{m, n). Some results are from a work of the author with Y. Yamada |KY| . 

For a coprime positive pair {m,n), we define a set 3{m,n) by 

3{m,n) = {mZUnZ)n{k £Z\ <k <mn} 

= {0, m, 2m, . . . , nm} U {0, n, 2n, . . . , mn} 

Note that the cardinality of CJ(rn-, n) is ttt. + n. We sort the all elements in '3{m, n) as 

= fco < fci < A;2 < • • • < km+n-i = "mn {ki G 3{m, n)). 

Theorem 3.1 ( |KYj ) The Alexander polynomial of the link A^.n is 

m+n—l 



^A„Ui,x)= Y. t 



^'x\ 



i=0 

We define Uj {j = 0, 1, 2, . . . , n) and Wj (j = 0, 1, 2, . . . , m) by 



Kj = jm and fc^,^ = jn. 



Then we have the following: 
Lemma 3.2 ([KY]) 



a) 



n 



(2) 



(i = 0), 

+ 3 (i = l,2,...,n-l), 

m + n — \ (j = n), 
and Uj + Un-j = m + n — 1, where [ ■ ] is the gaussian symbol. 

(i = 0), 

Wi = ■{ -z^ +3 (i = 1,2, ... ,m- 1), 

m + n — 1 {j = m), 
and Wj + Wm-j = m + n — 1. 

By Lemma 13.21 (1) and (2), we have 



m+n—l n— 1 m— 1 

4 = « = 1 j = l 



mnrn+n— 1 



Here we denote b'^{m,n) and b~{m,n) by i^"*" and /f~, respectively. Let g be the half 
of the degree of the Alexander polynomial of K . Since every knot yielding a lens space is 
fibered Y. Ni [NiJ, the Seifert genus of K is g. 



Proposition 3.3 (Saito and Teragaito [STj Lemma 5.1]) The Alexander polynomial of K 
is 



± 



t-1 



m+n—l 



j.fci=Fi(m+n) 



AK±{t) = —- — -• y t^ 

j=0 

and the half of the degree of the Alexander polynomial of K is 

(m + n — 1)^ =F i^n 
^ 2 

Proof For Am,n = KiU K2 and M = {Am,n', O, il), let E be the complement of Am.m V an 
attaching solid torus to dN{K2) C dE where N{K2) is a regular neighborhood of K2 in S^, 
and M = E UV. Let rraj and /j (i = 1, 2) be a meridian and a longitude of -fCj respectively, 
and m' and /' be a meridian and a core of V respectively. We note that M is homeomorphic 
to the complement of K^. Then we study homological conditions. 



In Hi{E), 



[I,] = [m2r+^, [I2] = [mi] 



m+n 



and 



H,{E) - ([mi], [h], [m2], [h] \ [h] = [^2]™+", [^2] = [mi]™+") 



([mi],[m2] 



Z . 



In H^{M), 
and 



where t = [mi]. Then 



Hi{M) ^ (M,[m2] I M-+"[m2]±^ = l) 
^ (t I -) ^Z, 

[ma] = tT("+"), 
[/'] = [ms] = t^(™+"). 



(3.1) 



By Theorem I3.H (jS.ip and the surgery formula I (Lemma I2.ip , we have the Alexander 
polynomial of K^ as 



i^ y ' 4-m+n 1 4-m+n 1 / j 

i=Q 



(i) The K'^ case 

If ki = jm (j = 0, 1, 2, . . . , n — 1) (i.e. i = Uj), then by Lemma 13.21 (1), we have 



ki — i{m A- n) = jm — \ j + 



jm 



n 



[m + n) = — < jn + 



jm 
n 



(m + n) 



and it is monotonely decreasing about j. Moreover 



ku„_i — {m + n — 2){m + n) = {n — l)m — {m + n — 2){m + n) 
> ku„ — {m + n — l){m + n) = —{{m + n — l)(m + n) — ran}. 



Iffei=jn(j = 0,l,2, 



,m 



1) (i.e. i = Wj), then by Lemma 13.21 (2), we have 



ki — i{m + n) = jn — \ j + 



m 



[m + n) 



jm + 



jn 
m 



(m + n, 



and it is monotonely decreasing about j. Moreover 



k 



Wm-l 



m, + n — 2 



n 
m 



(m + n) = (m — l)n — im, + n — 2 
> kw^ — {m, + n — l){m, -\- n) = — {(m + n — l)(m + n) — mn}. 

Hence the degree of Ax+ (t) is 

2g = {(m + n — l){m. + n) — m,n} + 1 — (ttt, + n) = {m + n — 1) — min. 

(ii) The K~ case 

If ki = jm (j = 0, 1, 2, . . . , n — 1) (i.e. i = Uj), then by Lemma [3^2] (1), we have 

jm, 



(m, + n) 



ki + i{m, + n) = jm, + [ j + 



n 



(m + n) 



is monotonely increasing about j. Moreover 



ku„^i + ("i + n — 2){m + n) = {n — l)m + {m + n — 2){m + n) 
< ku„ + {m + n — l)(m + n) = mn + (?n, + n — l)(m + n). 

If fcj = jn (j = 0, 1, 2, . . . , 771 — 1) (i.e. i = Wj), then by Lemma [3^ (2), we have 



fcj + i{m + n) = jn + [ j + 
is monotonely increasing about j. Moreover 



jn 



m 



(m + n) 



kwrr^-i + [m + n-2 



n 
Lm 



n 
Lm 



D 



(m + n) = (m — l)n + im + n — 2 
< k^^ + (m + n — l)(m + n) = mn + (m + n — l)(m + n). 

Hence the degree of Aj^- (t) is 

2^ = {{m + n — 1)(?TT, + n) + mn} + 1 — {m + n) = (m + n — 1) + ?7in 



The fohowing lemma is obtained from Kirby moves [Kir| and Rolfsen moves |Ro 



(m + n) 



Lemma 3.4 ( |KYirYam3| ) M = (^m,nj"^^)'') is a lens space for every integer r G Z. Then 
M = L{rmn — {m + n)^, mn). In particular, we have 

=p(j4m,n; ?^?T'i il) — (-f^ ',{ni + n) ^ mn) = L{{m -\- n) ^mn,mn). 

For Am,n = KiL)K2 and M = (Am,n; w,n, r) with r S Z, let S be the complement of Am,n, 
Vi {i = 1, 2) an attaching solid torus to dN(Ki) C dE where N{Ki) is a regular neighborhood 
of Ki in 5^, and Mi = £^ U Vi (then M = Mi U 1/2)- Let mj and k (i = 1, 2) be a meridian 
and a longitude of Kj respectively, and m[ and /^ (z = 1,2) be a meridian and a core of V^ 
respectively. We set p = {m + n)^ — rmn. Then we study homological conditions. 



InHiiE), 



[h] = [ms]'"-^", [h] = [mi 



\m+n 



and 



^i(^) 



In Hi{Mi] 
and 



(["^i], [^i], [^2], [I2] I [h] = [^2]"^+", [h] = [mi]-+-) 
([mi], [ma] | -) = Z\ 

[m[] = [mi]™"[/i] = 1, [l[] = [mi]. 



^i(Mi 



([mi],[m2] I [mi]-"[m2]"^+" 
(T I -) ^ Z, 



where T = [mi]^[m2]'" for integers u and v such that {m + n)u — mnv = 1. Then 



[mi 



- t,^j^ l{m+n)u—mnv _ ffTTj-i l'"[777,ol'^)™+"('r77ji l*"" [7719]™+")"'" = 2^"^+'^ 

ma] = [m2]('"+")""™™ = ([mi]"[m2]^)"™"([mi]™"[m2]™+")" = r-'^", (3.2) 

[/;] = [mi] = r'"+". 



In H^{M), 
and 



K] = [msl'-l/a] = 1, [1'2] = K], 

Hi{M) ^ ([mi], [m2] | [mi]-"[m2]™+" = 1, [mi]-+"[m2]'^ = 1) 
^ (T I TP = 1) ^ Z/pZ, 



where T is the induced one from T in (|3.2p . Then 

[Q = [ms] = r-". (3.3) 

Lemma 3.5 ( [KY] ) Let T be an indeterminancy. 

(rpmn -t\('~pra+n -i "i 



^A„,JT-+^T- 



(T™ -i)(r" -1) 



Lemma 3.6 Let ipp : Z[/7i(M)] — t- Q(Cp) ^e a ring homomorphism such that (pp(T) = C,p, 
where T is the same one in licl.cl]) . Then we have 

r'^-(M) = (Cp"^-l)-i(C;-l)-^ 

Proof By (j3.2p and (|3.3p . we have '/7p([/i]) / 1 and V3p([/2]) / 1- By the surgery formula II 
(Lemma 12.31 (2)). Theorem 13. H Lemma [33} ()3.2p and (|3.3p . we have the result. D 

4 Hyperbolicity of b^{m,n) and b^{m,n) 

A hyperbolic knot in S^ is characterized as a prime, non-torus and non-satellite knot. Since 
the tunnel number of every Berge knot is one, every Berge knot is prime by F. H. Norwood 
[Noj . Hence we show that both b~^{m,n) and b~{m,n) are non-torus and non-satellite. This 
problem is origined by T. Saito and M. Teragaito [ST] for the case b'^{m,n). 

To show the main theorem, we need some known results on torus knots and satellite knots. 

Theorem 4.1 (Moser |Mosj ) For an {r,s)-torus knot, the surgery coefficient p/q yielding a 
lens space satisfies \p — qrs\ = 1, and the resulting lens space is L{p, —qr^). 

Theorem 4.2 (Gordon [GoJ; Wu |Wuj ) A satellite knot yielding a lens space is a (2,2rsibl)- 
cable of an (r,s)-torus knot. Then the surgery coefficient is 4rs it 1, and the resulting lens 
space is L{4rs it l,=p4r^). 



Theorem 4.3 (Seifert [Sej ) Let K^^s be an {r,s)-cable of a knot K. Then the Alexander 
polynomial of K^ s is: 

Lemma 4.4 (1) For an (r, s)-torus knot T(r, s) with r > and s > 0, the half of the degree 
of the Alexander polynomial ofT{r, s) is (r — l)(s — l)/2, and the Reidemeister torsion 
of M = {T{r, s);p) with p = rs ±1 is 

>(M) = (c;-i)-^(c^-i)-^ 

where a ring homomorphism ipp : Z[i^i(M)] — t- Q(Cp) rnaps the meridian ofT{r,s) to 

(2) For a (2, 2rs it \)-cahle of an (r, s)-torus knot, denoted by K, the Alexander polynomial 
of K is 

. (^2(2..±l)_i)(^2.._i)(^_l) 
^^W ^^2rs±l _ l)(i2r _ l)(i2s _ l) ' 

and the Reidemeister torsion of M = {K;p) with p = 4rs ±1 is 

where a ring homomorphism ipp : 'L[Hi{M)] — )• Q(Cp) maps the meridian of K to C,p. 
Proof (1) By Theorem 14.31 we have 

^ (t--l)(t-l) 

and the half of the degree of the Alexander polynomial of T[r, s) is (r — l)(s — l)/2. By the 
surgery formula II (Lemma [2T3l (1)). we have t^p{M) = (Cp - l)~HCp - l)""*^- 

(2) By Theorem 14.31 we have the Alexander polynomial. By the surgery formula II (Lemma 
[2J(1)), we have T^r>(M) = (C^" - l)-^(Cp' - 1)"^- □ 

The following is an easy but much important observation. 

Lemma 4.5 For K^ = b~^{m,n) and b~{m,n) respectively, we set p = {m + n)^ =p mn and 
2g = {m + n — 1)^ =F mn. Then p is a lens surgery coefficient and g is the half of the degree 
of the Alexander polynomial of K^ , and we have 

p — 2g = 2{m + n) — 1 

and p is odd. 

Proof By Proposition 13.31 Lemma 13.41 and a direct calculation, we have the result. D 

The following is our main theorem. 

Theorem 4.6 Both b'^(m,n) and b^(m,n) are hyperbolic for 2 < m < n. 

10 



Proof Firstly we show that both K'^ = b^{m,n) and K^ = b^{m,n) are non-torus. We set 
p = rs ±1, g = (r — l)(s — l)/2 and K = K^ or K~ . Suppose that K is an (r, s)-torus knot 
with 2 < r < s. Then p = {m + nf — mn or {m + n)^ + mn by Lemma 13.41 and Theorem 14. 11 
and the Reidemeister torsion of M = (/C; p) is 

r'^-(M) = (Cp"^-l)-i(C;-l)-l (4.1) 

by Lemma 13.61 where a ring homomorphism ipp : Z[i:/^i(M)] — t- Q(Cp) naaps the meridian of K 
to C™"^'' by (fO) . From Lemma IM] (2) and (f4Tl) . we have 



(C; - iWr, - 1) = (C"'^" - l)(C-'"+" - 1). (4.2) 

From {m + n)'^ = ib?n,n (modp), we have 

m ■ 771 + n = ib(?Ti-n + 1) and n • m + n = ib(mn + 1) (modp). (4.3) 

By applying the Franz lemma f Lemma 12. 6p to (j4.2p . we may assume 

r = ziz{mn + 1) and s = ib(mn + 1) (modp). 

Thus we have the following four cases: 

(i) (r — l)(s — 1) = 1 (modp). 

(ii) (r — l)(s + 1) = — 1 (modp). 

(iii) (r + l)(s — 1) = —1 (modp). 

(iv) (r + l)(s + 1) = 1 (modp). 

We set the lefthand side of the equations above as U. Then we have 

2p-l~U > 2{rs - 1) - 1 - (r + l)(s + 1) = (r - l)(s - 1) - 5, 

and 

1 < (r-l)(s-l) <U <2p-l 

except the cases (r, s) = (2, 3) and (2, 5) in (iv) and p = rs — 1. 

Case 1 (r,s) ^ (2,3) and (2,5). 

We have U = p+ 1 for (i) and (iv), and U = p — 1 for (ii) and (iii). 

(i) (r-l)(s-l)=p+l. 

p + 1 - (r - l)(s - 1) > (rs - 1) + 1 - (r - l)(s - 1) = r + s - 1 > 0. 

It is a contradiction. 

(ii) (r-l)(s + l)=p-l. 

p - 1 - (r - l)(s + 1) > (rs - 1) - 1 - (r - l)(s + 1) = -r + s - 1 > 

except s = r + 1 and p = rs — 1. 
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(iii) (r + l)(s- 1) =p-l. 

p - 1 - (r + l)(s - 1) < (rs + 1) - 1 - (r + l)(s - 1) = r - s + 1< 
except s = r + 1 and p = rs + 1. 
(iv) (r + l)(s + l) =p + l. 

p + 1 - (r + l)(s + 1) < (rs + 1) + 1 - (r + l)(s + 1) = -r - s + 1 < 0. 

It is a contradiction. 

We show the rest cases: 

(a) s = r + 1 and p = rs — 1 in (ii). 

(b) s = r + 1 and p = rs + 1 in (iii). 
conclude contradiction. 

(a) By Proposition 13. 3| Lemma 14.41 (1) and Lemma 14.51 we have 

p = r{r + 1) — 1 = (m + n) =p mn and p — 2g = 2r — 1 = 2m + 2n — 1. 

Thus we have 

m-\- n = r and mn = ib(r — 1). 

Then there is no solution for 2 < m < n. 

(b) By Proposition 13.31 Lemma 14.41 (1) and Lemma 14.51 we have 

p = s{s — 1) + 1 = (m + n) =p mn and p — 2g = 2s — 1 = 2m + 2n — 1. 

Thus we have 

m, + n = s and m,n = ziz{s — 1). 

Then there is no solution for 2 < m < n. 

Case 2 {r,s) = (2,3) or (2,5). 

This case corresponds to (iv). By the assumption 2 < m < n, we have m + n > 5. By 
Proposition 13.31 Lemma 14.41 and Lemma |4. 51 we have 

p — 2g = 2m + 2n— l = r + s or r + s — 2. 

If (r, s) = (2, 3) or (2, 5), then we have m + n < [r + s + l)/2 < 4. It is a contradiction. 

Secondly we show that both K^ = b^{m,, n) and K^ = b^{m,, n) are non-satellite. We set 
p = 4rs lb 1, and K = K^ or K^ . Suppose that if is a (2, 2rs it l)-cable of an (r, s)-torus 
knot with 2 < r < s. Then p = {m + n)"^ — m.n or (ttt, + n)^ + m,n by Lemma 13.41 and Theorem 
14.21 In the similar way as the first case, by Lemma 14.41 (2) and (14. ip . we have 



(C - i)(Cp' - 1) = ic;'-"''"' - i)(C-'"+" - 1). (4.4) 

By applying the Franz lemma (Lemma 12. 6p to (j4.4p . and (|4.3p . we may assume 

2r = ziz{mn + 1) and 2s = ib(mn + 1) (modp). 
Thus we have the following four cases: 
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(i) (2r - l)(2s - 1) = 1 (modp). 
(ii) (2r - l)(2s + 1) = -1 (modp). 
(iii) (2r + l)(2s - 1) ee -1 (modp). 
(iv) (2r + l)(2s + 1) = 1 (modp). 
We set the lefthand side of the equations above as U. Then we have 

2p-l-U > 2(4rs - 1) - 1 - (2r + l)(2s + 1) = (2r - l)(2s - 1) - 5 > 10, 

1< (2r - l)(2s -1) <U <2p-l, 

U = p + 1 for (i) and (iv), and U = p — 1 for (ii) and (iii). However U is odd, and p it 1 is 
even. This is a contradiction. D 

Consequently from the proof of Theorem 14.61 we have the following: 

Theorem 4.7 The Alexander polynomials of b^{m,n) and b''{m,n) for 2 < m < n are 
not those of torus knots and satellite knots (i.e. The Alexander polynomials of b^{m,n) and 
b^{m,n) for 2 < m < n have already shown their hyperbolicities). 

We note that there may be a hyperbolic knot yielding a lens space whose Alexander 
polynomial is the same as that of a torus knot or a satellite knot. We also note that lens surgery 
coefficients of them are not always uniquely determined by their Alexander polynomials. 

To prove Theorem 14.71 we need some results. 

Lemma 4.8 ( |Kadl| ) Let K be a knot whose Alexander polynomial of an (r,s)-torus knot 
with 2 < r < s. Suppose that M = {K;p) with p > 2 has the same Reidemeister torsions as 
those of a lens space. Then we have 

r = ±1 or s = ±1 or rs = ±1 (modp). 

Lemma 4.9 ( [Kad2| ) Let K be a knot whose Alexander polynomial of a (2,2rs it \)-cable 
of an {r,s)-torus knot with 2 < r < s. Suppose that M = {K;p) with p > 2 has the same 
Reidemeister torsions as those of a lens space. Then we have 

r = ±1 or s = ±1 or 2rs = ±1 or 4rs ±1 = (modp). 

Proof of Theorem 14.71 Suppose that K^ has the same Alexander polynomial as that of an 
(r, s)-torus knot with 2 < r < s. Let p be a lens surgery coefficient, and g = (r — l)(s — l)/2 
the half of the degree of the Alexander polynomial of K^. By Lemma |4.8| p = rs it 1 or 

P<^, (4.5) 

or 

r = 2 and p = s + 1. (4.6) 
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The case p = rs ±1 does not happen by the proof of Theorem 14. 6[ Suppose (|4.5p . Then we 
have 

2(p - 2g) < rs + 1 - 2{r - l){s - 1) = -{r - 2){s - 2) + 3 < 3. 

Suppose ()4.6p . Then we have 

p-2g = 2. 

By Lemma 14.51 we have 

p-2g = 2{m + n) - 1 > 9. 

It is a contradiction. 

Suppose that K has the same Alexander polynomial as that of a (2, 2rs ± l)-cable of an 

(r, s)-torus knot with 2 < r < s. Let p be a lens surgery coefficient, and g = {r — l){s — 1) + 

{2rs — 1 lb l)/2 the half of the degree of the Alexander polynomial of K . By Lemma 14.91 

p = Ars lb 1 or 

f 4frs + 1 \ 

p < max ,2rs + l =2rs + l. (4.7) 



The case p = 4rs ib 1 does not happen by the proof of Theorem 14. 6[ We suppose (j4.7p . Then 
we have 

p-2g<2rs + l-2{r- l)(s - 1) - {2rs - 2) = -2(r - l)(s - 1) + 3 < -1. 

By Lemma 14.51 we have a contradiction. D 

5 Identification of 6+(m,n) and b~{m,n) 

We ask what kind of information identify a Berge knot of type VII or VIII. We consider 
the cases that (i) the resulting lens space up to orientations by an odd integer surgery along 
the knot, (ii) a pair of an odd integer surgery p and the half of the degree of the Alexander 
polynomial g of the knot, and (iii) one of p and g. 

A background of the case (i) is the following fact: 

Theorem 5.1 (Saito and Teragaito [STl Theorem 1.1]) There are infinite pairs of two distinct 
knots in S^ whose same integer surgeries yield homeomorphic lens spaces. Then we can take 
the two knots from the classes of torus knots, satellite knots, and hyperbolic knots arbitrarily 
except the case that both knots are satellite knots. 

The Cyclic Surgery Theorem [CGLS] says that the number of lens surgery coefficients of 
a hyperbolic knot is at most 2, and they are successing integers if it is 2. Hence the odd lens 
surgery coefficient of a hyperbolic knot is uniquely determined if it exists. 

Lemma 5.2 The resulting lens space up to orientations by an odd integer surgery along a 
hyperbolic Berge knot of type VII or VIII identifies uniquely the standard parameter. 

Proof For b'^{m,n) or b~{m,n) with 2 < m < n (i.e. a hyperbolic Berge knot of type VII 
or VIII), p = {m + n)^ =F ^^n is the odd lens surgery coefficient. Then the result of p-surgery 
is L{p,mn) by Lemma [3^ We set its standard parameter as {e,m,n). Suppose that there 
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is a hyperbolic Berge knot of type VII or VIII yielding a homeoniorphic lens space with its 
standard parameter (e' ,m' ,n'). Then we have 

mn = ±m'n' or ±m'n' (modp), 

and 

mn' + m'n or mn' — m'n or mm' + nn' or mm' — nn' = (modp). 

By the Cauchy-Schwartz inequation, we have 

< in.m{mn' + m,'n,\mn' — m,'n\,m,m,' + nn',\mm' — nn'\) 

< max(?Tin' + m'n, \mn' — m'n\,m,m.' + nn', \mm' — nn'\) 

< y vrfi + n? • y (m')^ + (n')^ 

< niax(m + n , {m') + (n') ) < p, 

and hence only the case \mn' — m'n\ = is possible. This is equivalent to {m,n) = (m',n'). 
It deduces e = e'. D 

By Lemma 15.21 we have the following. 

Corollary 5.3 The standard parameter with 2 < m < n identifies uniquely a hyperbolic Berge 
knot of type VII or VIII up to mirror images. 

For the case (ii), we set 

S = {(e, m, n) G {+, — }xNxN| 1 <m <n, gcd(m, n) = 1}, 
§2 = {(e, fn, n) G {+, — }xNxN|2<m<n, gcd(m, n) = 1}, 

■B+.i = {fe+(l,n) I 1 < n} = {r(n,n + l) I 1 <n}, 
■B-'i = {6"(l,n) I 1 < n} = {T(n+l,n + 2) I 1 <n}, 

232 = {6^(m,n) | 2 < m < n, gcd(m, n) = 1} 

L){b~{m,n) \ 2 < m < n, gcd{m,n) = 1}, 

S = S+,iUS_,iUS2, 

where S is the set of the standard parameters, and knots are considered up to orientations 
and mirror images. We define maps 

F:§^NxN and G:S^S 

by 

F{e,m,n) = {p,2g) = {{m + n) — emn, (m -\- n — 1) — emn), 
G{e,m,n) = b^{m,n) for e = + and b^{m,n) for e = —. 

Theorem 5.4 (1) The map F is injective. 
(2) S+,1 D S_,i and S+,i \ B_,i = {6+(l, 1)}. 
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(3) The map G is surjective, and for any K £ 'B, fjjG ^{K)} = 1 or 2 where tt{-} implies 
the cardinality. ]^{G^^{K)} = 2 if and only if K £ "B^i (i.e. For some n > 2, K = 
T{n,n + 1) and G-\K) = {{+,l,n),{-,l,n - 1)}). 

Proof (1) By Lemma 14.51 we have 

p — 2g = 2{m + n) — 1 and p — {m + n) = —emn. 

Since m + n and mn are uniquely determined from e and {p, 2g), m and n are also uniquely 
determined from e and (p, 2g). 

Suppose that -F(+, m, n) = F{—, m', n') = (p, 2g). By the relations above, we have m+n = 
m' + n' and 

p — {m + n) = —mn = m'n' . 

It is a contradiction. Therefore F is injective. 

(2) Since 6"''(l,n) = 6~(l,n — 1) = T{n,n + 1), we have the result. 

(3) Surjectivity of G is clear. By Theorem 14.61 and the Cyclic Surgery Theorem [CGLSj . the 
odd lens surgery coefficient of an element in 232 is uniquely determined as p. By (1) and (2), 
we have the result. D 

By Theorem 15.41 we have the following. 

Corollary 5.5 The map Go F~^ : F(§2) — >• S is injective, and its image is "32- That is, a 
pair (p, 2g) with 2 < m < n identifies uniquely a hyperbolic Berge knot of type VII or VIII up 
to mirror images. 

Remark 5.6 (1) Lemma [5.2l and Corollarv 15.31 sav that p and zizmn (modp) with 2 < m < n 
determine (e, m, n) and a hyperbolic Berge knot of type VII or VIII uniquely. Theorem 15.41 
and Corollary 15.51 say that p and g with 2 < m < n determine (e, m, n) and a hyperbolic 
Berge knot of type VII or VIII uniquely. 

(2) Y. Yamada [Yam2| defines k^{m,n){= b'^{m,n)) and k^{m,m + n){= b~{m,n)) for any 
coprime pair {m,n), and their mirror images l~^{m,n) and l~{m,m + n), respectively. They 
have unique reprsentatives in S up to orientations and mirror images (see Lemma 15.81 (3)). 
Since a double torus knot is strongly invertible, a non-trivial torus knot is non-amphicheiral, 
and a non-torus knot yielding a lens space is non-amphicheiral by the Cyclic Surgery Theorem 
|CGLS| . the extended class can be also classified completely. 

For the case (iii), we define maps 

proji : N X N -^ N and proja : N x N -^ N 

by 

proJi(x,y) = X and proJ2(x,y) = y, 

respectively. We set Hgr^i = projj o F^ and Hi = projj o F (e = +, — ; i = 1, 2). Then we study 
ImiH.^i), Im(i/+,0 nlm(//_,i) and {H2)-H2g). 
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We need number theoretical results on Q(-v/— 3) and Q(-v/5)- Let O^^- and 0_ be the integer 
rings of Q(\/— 3) and Q(\/5) respectively, and U-^^ = O^ and C/_ = O^ the unit groups of 0+ 
and 0_ respectively. We set 

l + ^/^ l-^/^ l + \/5 , l-\/5 

UJ+ = , w I = , uj- = and a;_ = . 

+ 2^2 2 2 

Then Q(\/— 3) = Q(a;+) and Q(v5) = Q('^-), and their Galois groups are 

Gal (Q(a;+)/Q) = (cr+ \ al = I) ^ Z/2Z and Gal (Q(w_)/Q) = (ct_ | o-^ = 1) ^ Z/2Z 
where (T±(a;±) = uJ±. For x G Q(w±), we set x = cr±{x). It is easy to see that 
w+ + tJip = 1, w+arp = 1, [uj+f = -tJip, (a;+)^ = -1, (0;+)*^ = 1, 

and 

, ,2 3 + \/5 

u;_ + u^ = 1, u;_u;_ = — 1, {uj-} = 1 + uj^ = . 

Let {ak}kez be the Fibonacci series defined by 

afc+2 = Ofc+i + ttfc and ai = 02 = 1. 

The following is elementary results on a theory of quadratic fields except (3). 
Proposition 5.7 (1) 0+ = Z[w+] and 0_ = Z[c(j_] as rings, and 

0+^Z(BZ-uj+ and 0-'^'L®'L- UJ- = 'L®'L ■ {uj-f 

as abelian groups. Both 0+ and 0_ have the class number one (i.e. principal ideal 
domains). 

(2) U+ = (u;+ I {uj+f = 1) ^ Z/6Z and U- = (a;_, -1 | (-l)^ = 1) ^ Z © Z/2Z. 

(^5j (a) For k> 1, at is a positive integer, 
(b) For keZ, 

Ofc — ^ , fl-fc — (-ij «A:, 



and 



(w-)^ = flfc-i +afew_. 



f^J Zei a. be a positive prime ofL. 

(a) i is not a prime in 0+ if and only if £ = 3 or = 1 (mod 3) . Their prime factoriza- 
tions in O4- are 

3 = -{^/^f or i=l-~l (IgO+,[/0, 

respectively. 
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(b) i is not a prime in 0_ if and only if i = 5 or = ±1 (mod 5). Their prime 
factorizations in 0_ are 

5 = {V5f or i=\-\ (IgO_,[/I), 

respectively. 

We say that an element h + ao± £ 0± {b, c G Z) is primitive if gcd(6, c) = 1. 

Lemma 5.8 (1) For x = b + cijJ± € 0± {b,c G Z), we set Xk = x{uj±)'^~^ (A; G Z). 
(a) For X = b + cuj+ G 0+ (6, c £ Z), we have 



X 


= Xi = 


= b + cuj+, 


X2 = 


= -c+(6 + c)a;+, 




X3 = 


= -{b + c) + buj+, 


X4 = 


= — 6 — cw+j 




X5 = 


= c- {b + c)uj+, 


X6 = 


= {b + c)-buj+, 


X 


= xT = 


= {b + c) - CW+, 


X2 = 


= b- {b + c)uj+, 




^ = 


= —c — bujj^, 


X4 = 


= -(b + c) + CUJ+, 




xE = 


= -b+{b + c)uj+, 


Xq = 


= c + bu}^, 



and Xfc+6 = Xk- 

(b) For X = b + cuj- £ 0_ (6, c G Z), we set Xk = &fc + bk+i^- {bk G Z). Then {bk}kei 
is the Fibonacci series such that 

bk+2 = bk+i + bk, bi = b and 62=0, 

and we have bk = bak-2 + cak-i where {ak}kez is the same as in Proposition [57 



(3), and Xk = bk+2 - bk+i^-- 

(2) For X = b + cuj± G 0± (6, c G Z), we set 

Orb (x) = {xu, xu \ u £ U±}. 

Then one element of Orb (x) is primitive if and only if every element of Orb (x) is 
primitive. 

(3) Let X £ 0± be a primitive element. Then we have the following. 

(a) There is a unique element b + cw-^- £ Orb (x) (b, c G Z) such that 1 < b < c (and 
gcd{b,c) = 1). 

(b) There is a unique element b + c{uj^)'^ = {b + c)+cuj^ £ Orb (x) (6, c G Z) such that 
1 < 6 < c (and gcd(5, c) = \). 

(4) Let x,y £ 0± be two primitive elements. Then xy is also primitive if and only if for 
every prime factor I of x, i is not a prime factor of y. 

Proof (1) We can show by straight calculations. 

(2) By (1) and Proposition 15.71 (2). we have the result. 
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(3) By (1) and (2), they can be checked without difficulty. 

(4) By Proposition 15.71 f4). we have the result. D 

We can factorize 

m'^ + mn + n? = (m + na;+)(m + nZITjr), 

7v? + 3mn + n? = {m + n{oj^)'^}{m + n{un)'^} (5.1) 

= {(m + n) + nuj^}{{m + n) + nUZ} 

in 0_|_ and 0_, respectively. Note that every factor in the righthand side of (j5.ip is primitive, 
and satisfies the conditions of Lemma 15.81 (3). 

Lemma 5.9 (1) (Berge |Berl Theorem 4]) Letp be a positive integer with a prime factoriza- 
tion p = ?)^t^ ' " ^V' where ii, . . . ,ir are distinct primes other than 3, e > and Cj > 1 
(i = 1, . . . , r). Then p £ Im. (H+^i) if and only if e = or 1, and every £i = 1 (mod 3). 
Moreover the number of elements of the set [H^^i)^^{p) is 1J'^^ . 

(2) (Berge [Bert Theorem 5]) Let p be a positive integer with a prime factorization p = 
h^t-^ ■ ■ ■ i%^ where ^i, . . . ,£r «re distinct primes other than 5, e > and Cj > 1 (i = 
1, . . . ,r). Then p G Im(i/_^i) if and only if e = or 1, and every ii = 1 or —1 (mod 5). 
Moreover the number of elements of the set {H^^i)^^{p) is 2^^^. 

(3) Let p be a positive integer with a prime factorization p = i'l ■ ■ ■ ip' where ii, . . . ,ir are 
distinct primes and Ci > 1 {i = 1, . . . ,r). Then p G Im (-fr+,i) n Im (-ff-,i) if and only if 
every ii = 1 or 4 (mod 15). 

Proof (1) By Proposition 15.71 (4) (a), Lemma 15.81 (4). and (15. Ih . we have the result. 

(2) By Proposition 15.71 (4) (b), Lemma [5^ (4). and ()5.ip . we have the result. 

(3) By (1) and (2), we have the result. D 

By Proposition 13.31 Lemma 13.41 and Lemma 15.91 we make a complete table of p, {£,m,n) 
and g for p < 500. 
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p 


(e,m 


n) 


9 


7 


(+ 


1 


2) 


1 


11 


(- 


1 


2) 


3 


13 


(+ 


1 


3) 


3 


19 


(+ 


2 


3) 


5 




(- 


1 


3) 


6 


21 


(+ 


1 


4) 


6 


29 


(- 


1 


4) 


10 


31 


(+ 


1 


5) 


10 




(- 


2 


3) 


11 


37 


(+ 


3 


4) 


12 


39 


(+ 


2 


5) 


13 


41 


(- 


1 


5) 


15 


43 


(+ 


1 


6) 


15 


49 


(+ 


3 


5) 


17 


55 


(- 


1 


6) 


21 


57 


(+ 


1 


7) 


21 


59 


(- 


2 


5) 


23 


61 


(+ 


4 


5) 


22 




(- 


3 


4) 


24 


67 


(+ 


2 


7) 


25 


71 


(- 


1 


7) 


28 


73 


(+ 


1 


8) 


27 


79 


(+ 


3 


7) 


30 




(- 


3 


5) 


32 


89 


(- 


1 


8) 


36 


91 


(+ 


1 


9) 


36 




(+ 


5 


6) 


35 


93 


(+ 


4 


7) 


36 


95 


(- 


2 


7) 


39 


97 


(+ 


3 


8) 


38 


101 


(- 


4 


5) 


42 


103 


(+ 


2 


9) 


41 


109 


(+ 


5 


7) 


43 




(- 


1 


9) 


45 


111 


(+, 


1, 


10) 


45 


121 


(- 


3 


7) 


51 


127 


(+ 


6 


7) 


51 


129 


(+ 


5 


8) 


52 


131 


(-,1,10) 


55 


133 


(+,1,11) 


55 



P 


{8,171,71) 


g 




(+,4,9) 


54 


139 


(+,3,10) 


57 




(-,2,9) 


59 


145 


(-,3,8) 


62 


147 


(+,2,11) 


61 


149 


(-,4,7) 


64 


151 


(+,5,9) 


62 




(-,5,6) 


65 


155 


(-,1,11) 


66 


157 


(+,1,12) 


66 


163 


(+,3,11) 


68 


169 


(+,7,8) 


70 


179 


(-,5,7) 


78 


181 


(+,4,11) 


76 




(-,1,12) 


78 


183 


(+,1,13) 


78 


191 


(-,2,11) 


83 


193 


(+,7,9) 


81 


199 


(+,2,13) 


85 




(-,3,10) 


87 


201 


(+,5,11) 


85 


205 


(-,4,9) 


90 


209 


(-,1,13) 


91 




(-,5,8) 


92 


211 


(+,1,14) 


91 




(-,6,7) 


93 


217 


(+,3,13) 


93 




(+,8,9) 


92 


219 


(+,7,10) 


93 


223 


(+,6,11) 


95 


229 


(+,5,12) 


98 




(-,3,11) 


101 


237 


(+,4,13) 


102 


239 


(-,1,14) 


105 


241 


(+,1,15) 


105 




(-,5,9) 


107 


247 


(+,3,14) 


107 




(+,7,11) 


106 


251 


(-,2,13) 


111 


259 


(+,2,15) 


113 
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p 


{e,m,n) 


9 




(+,5,13) 


112 


269 


(-,4,11) 


120 


271 


(+,9,10) 


117 




(-,1,15) 


120 


273 


(+,1,16) 


120 




(+,8,11) 


118 


277 


(+,7,12) 


120 


281 


(-,7,8) 


126 


283 


(+,6,13) 


123 


291 


(+,5,14) 


127 


295 


(-,3,13) 


132 


301 


(+,4,15) 


132 




(+,9,11) 


131 


305 


(-,1,16) 


136 


307 


(+,1,17) 


136 


309 


(+,7,13) 


135 


311 


(-,5,11) 


140 


313 


(+,3,16) 


138 


319 


(-,2,15) 


143 




(-,7,9) 


144 


327 


(+,2,17) 


145 


331 


(+,10,11) 


145 




(-,3,14) 


149 


337 


(+,8,13) 


148 


341 


(-,1,17) 


153 




(-,4,13) 


154 


343 


(+,1,18) 


153 


349 


(+,3,17) 


155 




(-,5,12) 


158 


355 


(-,6,11) 


161 


359 


(-,2,15) 


163 


361 


(+,5,16) 


160 




(-,8,9) 


164 


367 


(+,9,13) 


162 


373 


(+,4,17) 


166 


379 


(+,7,15) 


168 




(-,1,18) 


171 


381 


(+,1,19) 


171 


389 


(-,5,13) 


177 


395 


(-,2,17) 


179 



P 


{e,m,n) 


9 


397 


(+,11,12) 


176 


399 


(+,5,17) 


178 




(+,10,13) 


177 


401 


(- 


7 


11) 


183 


403 


(+ 


2 


19) 


181 




(+ 


9 


14) 


179 


409 


(+ 


8 


15) 


182 




(- 


3 


16) 


186 


417 


(+ 


7 


16) 


186 


419 


(- 


1 


19) 


190 


421 


(+ 


1 


20) 


190 




(- 


4 


15) 


192 


427 


(+ 


3 


19) 


192 




(+ 


6 


17) 


191 


431 


(- 


5 


14) 


197 


433 


(+, 


11 


,13) 


193 


439 


(+ 


5 


18) 


197 




(- 


6 


13) 


201 


449 


(- 


8 


11) 


206 


451 


(- 


3 


17) 


206 




(- 


9 


10) 


207 


453 


(+ 


4 


19) 


204 


455 


(- 


7 


12) 


204 


457 


(+ 


7 


17) 


205 


461 


(- 


1 


20) 


210 


463 


(+ 


1 


21) 


210 


469 


(+ 


3 


20) 


212 




(+,12,13) 


210 


471 


(+,11,14) 


211 


479 


(-,2,19) 


219 


481 


(+,5,19) 


217 




(+,9,16) 


216 


487 


(+,2,21) 


221 


489 


(+,8,17) 


220 


491 


(-,7,13) 


226 


499 


(+,7,18) 


225 




(-,9,11) 


230 
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From the table, we raise examples of g such that tj{(-fr2) ^(^s)} > 2, where U{-} implies 
the cardinality, except the trivial case {H2)~^{n{n — 1)) = {(+, l,n), (— , l,n — 1)} (Then 



n>2, Hi{+,l,n) 



n 



+ n + 1 and Hi{—, l,n — 1) 



n^ + n 



1) 



p 


(e,m,n) 


g 


89 


(-,1,8) 


36 


91 


(+,1,9) 


36 


93 


(+,4,7) 


36 


121 


(-,3,7) 


51 


127 


(+,6,7) 


51 


145 


(-,3,8) 


62 


151 


(+,5,9) 


62 


179 


(-,5,7) 


78 


181 


(-,1,12) 


78 


183 


(+,1,13) 


78 


199 


(+,2,13) 


85 


201 


(+,5,11) 


85 


209 


(-,5,8) 


92 


217 


(+,8,9) 


92 


211 


(-,6,7) 


93 


217 


(+,3,13) 


93 


219 


(+,7,10) 


93 


241 


(-,5,9) 


107 


247 


(+,3,14) 


107 


269 


(-,4,11) 


120 


271 


(-,1,15) 


120 


273 


(+,1,16) 


120 


277 


(+,7,12) 


120 



P 


{e,m,n) 


9 


295 


(-,3,13) 


132 


301 


(+,4,15) 


132 


327 


(+,2,17) 


145 


331 


(+,10,11) 


145 


389 


(-,5,13) 


177 


399 


(+,10,13) 


177 


395 


(-,2,17) 


179 


403 


(+,9,14) 


179 


409 


(-,3,16) 


186 


417 


(+,7,16) 


186 


421 


(-,4,15) 


192 


427 


(+,3,19) 


192 


431 


(-,5,14) 


197 


439 


(+,5,18) 


197 


449 


(-,8,11) 


206 


451 


(-,3,17) 


206 


453 


(+,4,19) 


204 


455 


(-,7,12) 


204 


461 


(-,1,20) 


210 


463 


(+,1,21) 


210 


469 


(+,12,13) 


210 



As stated in Theorem 14.71 the Alexander polynomials of hyperbolic Berge knots of types 

VII and VIII are not those of torus knots and satellite knots. However we do not know the 
following: 

Question 5.10 Do the Alexander polynomials of hyperbolic Berge knots of types VII and 

VIII identify the knots ? 

From the table above, the degrees of the Alexander polynomials do not identify hyperbolic 
Berge knots of types VII and VIII completely. 

6 Final Remark 

We give a remark about a relation between our method and K. Ichihara, T. Saito and M. Ter- 
agaito [1ST] They show a formula of the Alexander polynomial of a doubly primitive knot in 
S^. Let K he a doubly primitive knot in S^. Suppose that {K;p) with p > 2 is a lens space 
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L{p,q). Then the dual knot of K in L{p,q) can be expressed by using a genus two Heegaard 
sphtting of L{p,q) and a certain parameter k [Saito parameter) with 1 < k < p — 1. We 
denote the knot by K{L{p,q),k). 

For z G Z, let ^{i) be the integral lift of iq (raodp) such that 1 < \&(i) < p, and 

^(.i) = tJ{j I *(j) < ^(0 and 1 < j < A: - 1}, 

where '^{■} implies the cardinality. 

Theorem 6.1 (Ichihara, Saito and Teragaito |IST1 Theorem 1.1]) The Alexander polynomial 
of a doubly primitive knot K, whose dual knot is K{L{p,q),k), is 

t-1 '-' 



Zi^(t) = ^.^t*«^-^«^ 



i=0 

Lemma 6.2 (K. Ichihara, T. Saito and M. Teragaito [IST^ Lemma 2.1]) gcd{k,p) = 1. 
Proof We give an alternative proof here. By Theorem 16. H we have 

(k—l \ k—1 

1=0 / j=0 

Suppose that d = gcd{k,p) > 2. Substituting t = Q to the equation above, we have 

= /c / 0. 
This is a contradiction. D 

By the surgery formula II (Lemma 12.31 (1)), the Reidemeister torsion of M = {K;p) is 






iJd(n4-\ ■ Cd ^ Cd 1 1 



Cd-1 cf-1 (Cd-iy 

^ ^d ^ 

(Crf-i)(C|-i)(Cf-i)' 

where d > 2 is a divisor of p. 

Lemma 6.3 We have 

q = zb/c (modp) 

and _ 

r^^{M) = {C',-ir\(j-l)-\ 

Proof By the Franz lemma (Lemma 12. 6p , we have 

/c g = ±1 or lb /c or ± kq (modp). 
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From one of the latter two cases, we have 

>(M) = (0-l)-2, 

which is the Reidemeister torsion of L(p, ±1). By results due to P. Ozsvath and Z. Szabo [0S| 
and M. Tange |Ta) . K is the unknot or the trefoil. The knots satisfy the conditions. From 
the first case, we have the result. D 

By Lemma 16.31 {±A;, zizk (modp)} has the same information as the Reidemeister torsions. 
In [ST], k = —n ■ m + n (modp) has been obtained for the case K = b'^{m, n). The relations 
(j4.2p and (j4.4p can also be obtained from the facts. M. Tange gave a comment to the author 
that since the Saito parameter k is determined for every Berge knot, to determine hyperbolicity 
of every Berge knot is not difficult by the same way as the present paper. 
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